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Abstract. E. coli bacteria swim in straight runs interrupted by sudden reorientation
events called tumbles. The resulting random walks give rise to density fluctuations that
can be derived analytically in the limit of non interacting particles or equivalently of
very low concentrations. However, in situations of practical interest, the concentration
of bacteria is always large enough to make interactions an important factor. Using
molecular dynamics simulations, we study the dynamic structure factor of a model
bacterial bath for increasing values of densities. We show that it is possible to reproduce
the dynamics of density fluctuations in the system using a free run-and-tumble model
with effective fitting parameters. We discuss the dependence of these parameters, e.g.,
the tumbling rate, tumbling time and self-propulsion velocity, on the density of the
bath.
ar
X
iv
:1
30
5.
64
75
v2
  [
co
nd
-m
at.
sta
t-m
ec
h]
  3
0 J
ul 
20
13
Effective run-and-tumble dynamics of bacteria baths 2
1. Introduction
Suspensions of self-propelling particles display a complex dynamical behavior that is
hard to model analytically especially in the presence of interactions. Many different
approaches have been proposed. Starting with the seminal work of Vicsek [1], rule-based
models describe interactions between neighbors as a set of phenomenological prescribed
rules that tend to favour alignment of nearby particle velocities. Those minimal
models are particularly suited for numerical investigation and exhibit non-equilibrium
transitions between disordered and ordered flocking state [2, 3]. Continuum and coarse-
grained models aim at describing long wavelength behavior of active matter starting
from an analogy with continuum liquid crystals models with the added ingredient of
self-propulsion [4]. The parameters in the hydrodynamic equations can be obtained
starting from different microscopical models[4, 5, 6, 7, 8] or phenomenologically [9, 10, 11]
Another possible approach is provided by the so called run and tumble models [12, 13].
These models are based on the schematization of single bacterium dynamics as a
sequence of linear runs interrupted by random —Poissonian distributed— tumbling
events. The resulting movement is a random walk with a persistence length that
marks the crossover between a ballistic regime at short scales and a Brownian, diffusive
regime at longer scales. The free particle dynamics is parametrized by the swimming
velocity, the tumbling rate and the duration of a tumble event. These parameters
can be measured either directly, through cell tracking techniques,[14, 15, 16, 17, 18]
or indirectly, through the intermediate scattering function (ISF) as obtained from
dynamic light scattering or more recently from differential dynamic microscopy[19,
20, 21, 22, 23, 24, 25]. Experimental ISF are generally fitted using analytic results
obtained for the non-interacting case. Moreover, the high variability of motility
characteristics that is encountered in real bacterial populations, makes experimental
ISFs practically insensitive to the details of single particle trajectories like tumbling rate
or tumble duration. Therefore experimental data are usually fitted with a free (non-
interacting) and non-tumbling theoretical ISF convoluted with the unknown distribution
of swimming speeds. The retrieved fitting parameters often show a q-dependence in
single particle quantities like the swimming speed, that is usually ascribed to imaging
artifacts or the effect of tumbling rate [21]. However, the dynamic structure factor for
an ensemble of non interacting run and tumble particles has an analytic expression even
in the presence of tumbling and of a finite tumbling time [19, 26]. We refer to these
last results as the free theory, corresponding to the case of non-interacting bacteria,
e. g., a gas of E. Coli. The main aim of this paper is to discuss the applicability of
a free theory to describe the properties of an ensemble of interacting run-and-tumble
particles in a wide range of densities. Studying the dependence on density of the effective
parameters of the theory we map the interacting dynamics into a non-interacting system
with effective values of tumbling rate, run velocity and tumbling time (Cfr. Fig(1)).
In section 2 we introduce the numerical model, the observables we are interested and
their theoretical expressions obtained with the free run-and-tumble model. In section
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3 we report the density and wave vector-dependence of the effective parameters and
discuss the results. We also introduce an effective diffusivity and discuss the possible
existence of a spinodal decomposition in the active bath [27].
2. Molecular Dynamics simulations
In order to study the effects of interactions on the motility of single cells, we have
performed Molecular Dynamics simulation of a run-and-tumble model [28, 29, 30]. The
simulations involve N elongated hard body cells in two dimensions closed in a square
box of side L with periodic boundary conditions. Each cell —labelled by i = 1, . . . , N—
is represented by the sum of p short-range repulsive potential centered at equality spaced
locations δβ, where β runs from 1 to p. The center of mass of i−th cells, will be indicated
by the vector ri, the β−th center by rβi and the orientation of the p−bodies with eˆi
rβi = ri + δ
βeˆi (1)
δβ =
(l − a)(2β − p− 1)
2p− 2 .
In such a picture the cell body is modeled as a chain of spheres (disks) rigidly connected,
mimic a prolate spheroid of aspect ratio α = a/l, where l is the length and a the thickness
of the cell. We have specialized our simulations to the case p = 2, i. e., the active object
is an elongated spheroid with two centers and aspect ratio α = 1
2
. At low Reynolds
numbers [31] equations of motion for the center of mass and angular velocities read [32]
r˙i = Mi · Fi (2)
θ˙i = Ki ·Ti
where Mi and Ki are the translational and rotational mobility matrices of the i−th
swimmer
Mi = m‖ei ⊗ ei +m⊥ (1− ei ⊗ ei) (3)
Ki = k‖ei ⊗ ei + k⊥ (1− ei ⊗ ei) ,
Fi and Ti are the total force and the total torque acting on the swimmer
Fi = f0eˆi(1− σi) +
∑
j 6=i
f(rαi − rβj ) (4)
Ti = trσi + eˆi ×
∑
j 6=i
δβf(rαi − rβj ) .
Performing two dimensional simulations, k‖ does not play any role. To describe
swimmers like E. Coli we choose k⊥ = 4.8, m‖ = 1 and m⊥ = 0.87 [28]. In this
paper all the quantities are expressed in internal unit l = m‖ = f0 = 1. Reasonable
values for E. Coli bath are, l ' 3µm, m‖ ' 60µms−1 pN−1, f0 ' 0.5 pN. Realistic
values for time spending in tumble state and running state are, respectively, 0.1 s and 1
s.
Self-propulsion is modeled by the presence of a state variable σi which can assume
the values 1 and 0. During the running state σi = 0 and the object, due to the
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active force f0, is self-propelled along the direction eˆi with constant velocity v = m‖f0.
Stochastically the runners randomize the direction of motion and the state variable
changes discontinuously assuming value 1. This contribution is given by the term tr
which is a random torque that randomizes the swimming direction eˆi. The pair force
f(r), describing cell-cell interaction, is chosen purely repulsive f(r) = Ar
rn+2
and the
coefficient A is fixed such that two swimmers facing head to head on the same line
would be in equilibrium at the distance a (the thickness of the hard body) A = f0a
n+1
(for the soft-sphere repulsion we choose n = 12). Eqs. (2) are numerically integrated
for 4 × 105 steps through Runge-Kutta second order scheme [33] with a time step of
10−3. The simulations are performed at several values of density, from ρ = 0 (non
interacting bacteria) to ρ = 0.7, varying the number of bacteria in a box of side
L = 70 (we consider a fixed box length in order to have the same wave vectors at
each density) from N = 576 (ρ = 0.1) to N = 3481 (ρ = 0.7). Averages over Ns(ρ)
samples are considered, with Ns ∈ [30, 10]. In the range of investigated densities the
system always remains homogeneous and displays no clear phase separations. This is a
fundamental requirement when trying to describe the dynamics of density fluctuations
using an effective free theory.
2.1. Observables
We choose to describe density fluctuations in our system through the Intermediate
Scattering Function (ISF) and and its frequency-domain Fourier transform: the Dynamic
Structure Factor (DSF). The two functions can be accessed directly from experiments
[23, 36] and are particularly suited for analytical calculations [19, 26]. In particular,
the ISF is the time correlation function of the spatial Fourier transform of density
fluctuations:
F (q, t) =
1
N
〈ρˆ(q, t+ t′)ρˆ(−q, t′)〉t′
〈ρˆ(q, t′)ρˆ(−q, t′)〉t′ (5)
ρˆ(q, t) =
∫
dr e−iq·rρ(r, t)
ρ(r, t) =
∑
i
δ (r− ri(t))
〈O(t)〉t ≡ 1
T
∫ T
0
dtO(t) .
Since the numerical simulations are performed in a square box of side L with periodic
boundary conditions, our study in the reciprocal space is limited by the minimum wave-
length qm =
2pi
L
and, consequently, we have computed ISF for wave vector of the form
q = qmn, n = (n1, n2) (6)
with ni ∈ Z for i = 1, 2. run-and-tumble dynamics is isotropic: we can average over
the modulus q = |q| and, in order to improve the statistic, we also average F (q, t) over
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Figure 1. Trajectories of run-and-tumble bacteria from non interacting to interacting
case. Repulsive soft-core interaction, increasing density, smooths trajectories on large
scale. In this work we try to describe a smooth (interacting) trajectories with a non-
interacting one through an opportune choice of the active parameters.
moduli qk = |qk| close to q. Choosing an opportune  one has
F (q, t) =
∑
|q−qk|< F (qk, t)
Ω(q)
, (7)
where Ω(q) is a normalization factor. DSF, numerically obtained by Fast Fourier
Transform of ISF, is normalized with respect to the area
S(q, ω) =
<
[
S˜(q, ω)
]
∫∞
0
dω<
[
S˜(q, ω)
] (8)
where
S˜(q, ω) =
1
2pi
∫ +∞
−∞
dt e−iωtF (q, t) . (9)
To obtain informations about the motility properties of an active bath, we need of a
model for the ISF (or, equivalently, for the DSF) A theoretical expression for the Laplace-
Fourier transform of the probability distribution of free run-and-tumble particles can
be obtained within the continuous-time random walk approach [34]. By considering a
random walk consisting of two independent alternating phases (run at constant speed
interrupted by tumble events) one can write the probability distribution function as a
sum of all the possible convolution products of the propagators of the two phases (see
Ref. [26] for details). For the case considered here, with a Poissonian distribution of
tumble events (with time rate λ) and a constant time duration of the tumble phase (τ),
we obtain the following expressions:
P (q, z, τ) =
1
1 + λτ
(F (q, z, τ)G(q, z, τ) + g(z, τ))
F (q, z, τ) ≡ F0(q, z)
1− λe−zτF0(q, z) (10)
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Figure 2. Left panel: comparison between Dynamic Structure Factor for a molecular
dynamics simulation of an active interacting bath in two dimensions at ρ = 0.0, . . . , 0.4
(symbols) and theory (eq. (10)-lines) fitted with effective values of λ, v and τ . Right
panel: comparison between Intermediate Scattering Function computed by eq. (5) for
the values of effective parameters (lines) and directly measured by simulations data
(symbols). For ρ = 0.0, where the theory is exact, the lines are the analytic solution. At
the largest shown density (ρ = 0.7) the free theory is unable to describe the simulated
correlation functions.
G(q, z, τ) ≡
[
1 +
λ
z
(
1− e−zτ)]2
g(z, τ) ≡ λτ
z
{
1− 1− e
−zτ
zτ
}
,
where F0(q, z) is the Laplace-Fourier transform of the ballistic propagator of the theory
(see Eq. (17) of Ref. [26], having chosen a constant duration τ of tumble event). In two
dimensions one has [19, 26]
F0(q, z) =
1√
(z + λ)2 + (qv)2
(11)
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with v velocity of the ballistic run. P (q, z, τ) is related to the DSF through the relation
S˜(q, ω, τ) = lim
δ→0
P (q, iω + δ, τ) . (12)
Eq. (10) can be written in time domain (details can be found in the Appendix)
P (q, t, τ) =
1
1 + λτ
[∫ t
0
dt′F (q, t′, τ)G(t− s) + g(t, τ)
]
g(t, τ) ≡ λ(t− τ)(θ(t− τ)− θ(t)) (13)
F (q, t, τ) ≡ L−1
[
F0(q, z)
1− λe−zτF0(q, z)
]
G(t) = δ(t) + λ[(2 + tλ)θ(t) + λ(t− 2τ)θ(t− 2τ)
− 2(1 + tλ− λτ)θ(t− τ)]
operator L−1 [. . .] is the inverse Laplace-transform. For the ISF one has P (q, t, τ) =
F (q, t). In the bottom of Fig. (2) we report the comparison between theory (Eq. (10))
and simulations for a non-interacting (ρ = 0) bacterial bath.
3. Results
At each density from ρ = 0.1 to 0.7, we fit the DSF with the free theory (Eq. (10))
obtaining effective values for the parameters λ, v and τ (see Fig. (2)). Within this
framework we can map the trajectories of interacting bacteria in the trajectory of a free
bacterium with effective motility parameters set to veff , λeff and τeff . In Fig. (1) we
show some trajectories as a function of density. Our aim is to describe the trajectories
at ρ 6= 0 through a non interacting run and tumble.
In Fig. (2) we show the results for different densities and wave vectors q =
1.5, 2.0, 2.5, 3.0. At the largest investigated density the free theory is unable to reproduce
the simulated DSF and the discrepancies are larger at lower q values. This may indicate
the onset dynamical correlations that cannot be captured by an effective free theory.
Fig. (3) shows the q−dependence of the parameters. Increasing density, collision
events at small q−values (ρ > 0.4 and q = 0.5, 1.0) do not allow to obtain reasonable
parameters. At each density one has λeff (q) > λ, veff (q) < v and τ > τeff (q).
Increasing density, τeff (q) → 0 at each q. The observed increasing of tumbling rate
λeff (q), by increasing density, indicates that, due to collisions, the trajectory of a single
effective-free bacterium, observed on a spatial scale of order 1/q is more broken than in
the non-interacting case (Cfr. Fig. (1)). As we can see, λeff (q) increases with q and
approaches a limiting value. Roughly speaking, at low densities, we can think of λeff
as a sum of two contributions: tumbling rate λ and collision rate λint
λeff (ρ) = λ+ λint (14)
λint ∼ γρv + o(ρ2)
where γ is the characteristic particle size. In the top of Fig. (3) we show the behavior
of λeff (ρ) together with Eq. (14). Studying the behaviour of effective velocity, one
has veff (q) < v and veff (q) → v increasing q: this correspond to the purely ballistic
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Figure 3. Effective parameters as a function of density. From top to bottom, tumbling
rate, ballistic velocity and tumbling time. Green points in the top panel are effective
tumbling rate computed by Eq. (15). Green line is Eq. (14). Increasing density,
collision events at small q−values (ρ > 0.4 and q = 0.5, 1.0) do not allow to obtain
reasonable parameters. Black dashed lines are the effective parameters for ρ > 0.4,
region of the phase diagram where the quality of the fit of S(q, ω) degrades (see Fig.
(2)). As is shown, effective tumbling rate measured through DSF tends to the effective
tumbling rate obtained from MSD in the limit q → 0.
scale of the theory. We recall that, in numerical simulations of run-and-tumble model
with steric interaction, the self propelled velocity v is fixed during the simulations. It is
well known in literature how self-propulsion, in the hydrodynamical limit, changes the
effective diffusivity of self-propelled roads [4]. On the other hand, at mean field level,
to allow a self-trap phenomenon we have to chose an opportune dependence of swim
velocity on the density [27]. In particular it holds for a modified version of the Vicsek
model discussed in [8], where an exponentially decrease of the velocity with local density
is considered. In our simulations, the excluded volume interaction renormalizes the self-
propulsion velocity and the renormalization is q-dependent. The mean-free path due
to the self-propulsion is given by v/λ: in term of effective parameters, λeff increases
while veff decreases so that the mean free-path is shorter than in free case. Finally
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τeff decreases due to running bacteria pushing on tumbling ones. The q−dependence
underlines a inhomogeneity in space of the effective parameters: we can not fix only one
values for λ, v and τ to build an effective free theory. Nevertheless, fixing the scale, i.
e., a degree of resolution, we can describe the trajectories of the interacting system with
a non interacting one.
Self-propelled models display a crossover between ballistic and diffusive regime.
The time scale where this happens is fixed by the tumbling rate. For free RT models,
mean-square displacement reads [26]
r2MSD(t) =
4D
λ
(
λt− 1 + e−λt) (15)
D =
v2
2λ
1 + λτ
,
being D diffusivity. Using Eq. (15) one can compute the crossover time tcross between
ballistic and diffusive regime
tcross(λ) =
2
λ
. (16)
On the other hand, from our analysis in q−domain we can define a scale-dependent
diffusion coefficient
Deff (q) ≡ veff (q)
2
2λeff (q)
1
1 + λeff (q)τeff (q)
. (17)
We find that Deff (q) < D with Deff (q) approaching D for short wave vectors. Since
Deff (q) is q−dependent, it can be interpreted like an inhomogeneous diffusion coefficient.
Because the effective parameters vary on both q and ρ, in order to compare the results
in q−space with other observables, we study the shape of the probability distribution
of velocities P (v), the mean velocity vm, the average time spent in the tumbling state
τm (Fig. (6)). The mean velocity is obtained from P (v)
vm =
∫ vmax
0
dv P (v)v . (18)
We study the probability distribution of velocities for densities ρ = 0.1, 0.2, ..., 0.7, 1.0.
At high density we can not think to the bacterial bath as a non interacting ensemble of
bacteria: it is not allow to fit DSF through Eq. (10).
In Fig. (4) we show the mean-square displacement for non-interacting and
interacting bacteria, from which a value of D can be obtained fitting the data with
Eq. (15). A comparison between D and Deff (q) is in Fig. (5). As it can see, the
effective diffusivity approaches the long-scale diffusivity as q → 0. The dependence on
density of vm and τm can be checked looking at P (v). Due to the presence of tumbling,
the shape of P (v) at ρ = 0 is bimodal but, increasing density, assumes a continuum
support different from zero between 0 and vmax: it is consistent with τeff → 0. Mean
velocity is a decreasing function of density and the functional dependence assumes an
exponential form vm(ρ) = v0e
−aρ, whit v0 = 0.914(3) and a = 0.200(5). From the
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Figure 4. Mean-square displacement for a non-interacting bath (ρ = 0) and
interacting (ρ = 0.7). Solid lines are, respectively, theory for run-and-tumble dynamics
(Eq. (15)) and effective-theory fitted by the same equation with D and λ as free
parameters. Dashed lines are the crossover time, compute through Eq.(16), from
ballistic to diffusive regime. Increasing density the crossover time decreases.
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Figure 5. Effective diffusivity on q−scale (from Eq. (17)) and diffusivity computed
by mean-square displacement (black) which corresponds to the limit q → 0 of Deff (q).
Straight red line is the diffusivity at ρ = 0.0. Black dashed lines are effective diffusivity
at high density.
knowledge of P (v), we can define the average time τm spent in tumbling state as the
probability to have v = 0
τm ≡
∫ vmax
0
dv P (v)δ (v) = P (0) . (19)
The life time of the tumbling state decays exponentially in density following the
expression τm(ρ) = τ0e
−bρ with τ0 = 0.1, equal to the time spent in tumbling state
when the bacteria do not interact, and b = 2.34(3) (cfr. Fig. (6)).
Recently, the possibility to have a spinodal decomposition of a run-and-tumble
bath has been related to the existence of a fast decreasing velocity as a function of
density, the condition being dv(ρ)/dρ < −v/ρ [27]. We show that the presence of steric
interactions results in a density dependence of velocity (vm or veff (q)) that is too weak
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Figure 6. From left to right probability distribution of velocity P (v), dependence on
density of average velocity and time averaged spends in tumbling state τm obtained
by P (v).Data are for densities ρ = 0.0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 1.0.
to satisfy that condition. This finding is consistent with the fact that we never observe
a spinodal decomposition in our simulations. A larger density effect on velocity may
arise from hydrodynamic effects, biochemical interactions or other mechanisms that are
not included in the present model.
4. Conclusions
We have performed a molecular dynamics study of interacting run and tumble bacteria
with short-range steric repulsion in two dimensions. Motivated by the knowledge of
the analytic expression for the DSF of the free theory, we have performed a systematic
study in density of S(q, ω) with the aim of mapping the interacting trajectories into non
interacting ones of an effective bath.
For values of densities ranging from 0 (non interacting) to 0.7, we are able to
describe the active system through a set of effective parameters: tumbling rate λeff ,
velocity of bacterium in the ballistic regime veff and time spent in tumbling state τeff .
All these density dependent parameters display an additional dependence on the wave
vector q. In particular, the effective swimming speed is an increasing function of q that
tends to the single particle run speed at large q values. Recent DDM experiments on
wild type, tumbling E.coli [20] have shown a similar q dependence in the swimming
speed when fitting experimental data with a non tumbling model for the ISF. In that
situation, the smaller speed observed at lower wave vectors was explained as the effect
of tumbling that breaks straight runs and results on average speeds that are smaller
when observed over longer length/time scales. Here a similar effect is observed when
fitting data to a full model that includes tumbling but no interactions. The presence
of bacterial collisions produces an increased deviation of trajectories from straight runs
and is also responsible for the q dependent reduced speed. Collisions are also responsible
for an higher effective tumbling rate that is found to be a decreasing function of q. For
all q values, the effective time spent in a tumbling state goes to zero when density
increases. Our results could also suggest new methodologies for retrieving accurate
motility characteristics from experimental dynamic structure factors of concentrated
bacterial suspensions.
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Appendix A. Computation of ISF
Through the effective motility parameters we can compute the ISF shown in right panel
of Fig. (2). Eqs. (10) define the exact propagator for run-and-tumble dynamics. In
order to compute the ISF we have to invert such equations in time-Fourier space (q, t).
It is known that, for an instantaneous run-and-tumble dynamics (τ = 0), the exact
propagator can be written as a power series in λ‡ [19]
F (q, z) =
F0(q, z)
1− λF0(q, z) =
∞∑
n=0
λnF0(q, z)
n+1 . (A.1)
Than function F (q, z, τ) reads
F (q, z, τ) =
∞∑
n=0
λnF0,n+1(q, z, τ) (A.2)
F0,n(q, z, τ) ≡ e−(n−1)zτF n0 (q, z)
where F0(q, z) is the ballistic propagator. In time-Fourier space perturbative expansion
is
F (q, t, τ) = F0,1(q, t, 0) + λ
∫ t
0
dt′ F0,1(q, t− t′, 0)F0,1(q, t′, τ)
+ λ2
∫ t
0
dt′ F0,1(q, t− t′, 0)F0,2(q, t′, τ) + o(λ3)
F0,n(q, t, τ) ≡ L−1
[
e−nzτF n0 (q, z)
]
. (A.3)
From Eq. (5), using Eq. (A.3) follows
P (q, t, τ) =
1
1 + λτ
[ ∞∑
n=0
λnF0,n+1(t− nτ)θ(t− nτ) (A.4)
+
∞∑
n=0
(I1,n + I2,n + I3,n)
+ λ (t− τ) (θ(t− τ)− 1)
]
I1,n ≡ λn+1
∫ t−nτ
0
dt′ F n+10 (t− t′ − τ) (2 + λt′)
‡ In internal unit λ = 0.1.
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I2,n ≡ λn+2
∫ t−(n+2)τ
0
dt′ F n+10 (t− t′ − (n+ 2)τ)t′
I3,n ≡ − 2λn+1
∫ t−(n+1)τ
0
dt′ F n+10 (t− t′ − (n+ 1)τ) (1 + λt′) .
In two dimensions, the anti-Laplace transform of an arbitrary power of F0(q, z) is[19]
F0,n+1(q, t) =
e−λt
√
pi
2
n
2 Γ
(
n+1
2
) ( t
qv
)n
2
Jn
2
(qvt) , (A.5)
where Jm is the Bessel function of the first kind, Γ(x) is the Euler gamma. Putting Eq.
(A.5) in Eq. (A.4), through a numerically integration, we can compute ISF in any order
n.
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